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Abstract 

We give an upper bound for tlie {n— l)-diniensional Hausdorff mea- 
sure of the critical set of eigenfunctions of the Laplacian on compact 
analytic Riemannian manifolds. This is the analog of H. Donnely and 
C. Fefferman [S] result on nodal set of eigenfunctions. 



1 Introduction and statement of the results 

Let (Af, g) be a smooth, compact and connected, n-dimensional Riemannian 
manifold (n > 2). For u £ C^iM), we set 

Mu = {x £ M : u{x) = 0} 

and 

Cu = {xe M : Vu{x) = 0}, 

the nodal set of u and the critical set respectively. It is well kown that if 
M is a non trivial solution of second order linear elliptic equation then all 
zeros of u are of finite order ( pQ , [TU] ) , and one can prove that the Hausdorff 
dimension of the nodal set Mu is at most n — 1 (for example, see [5] or 
[S] for more precise results). When dealing with the eigenfunctions of the 
Laplacian : 

-Au = \u, (1.1) 
S. T. Yau ^3 hS'S conjectured that 

CiVx<n''-HMu) <C2^ 

where denotes the (n — l)-dimensional Hausdorff measure and Ci, 

C2 are positives constants depending only upon M. In case that both the 
manifold and the metric are real analytic, the problem was solved by H. 
Donnelly and C. Fefferman [B], [7]. For smooth metric the only known 
upper bound result (n > 3) is due to R. Hardt and L. Simon [8j. They 
proved that 
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However this result doesn't seems to be optimal. Recently, different authors 
( |12j [5], |13j ) obtained some lower bound with polynomial decrease in A. 

The critical set of eigenfunctions on the other hand is not so well under- 
stood (one could look at for a quick survey) . Generically eigenfunctions 
are Morse functions ([H]) and therefore the critical set consits in isolated 
points. Moreover, D. Jakobson and N. Nadirashvili [11] have shown that 
there exists in dimension two a sequence of eigenfunctions for which the 
number of critical points is uniformly bounded. However there exists simple 
examples for which the critical set has Hausdorff dimension n — 1 : 

Example 1.1. Let (N, g) be a (n—1)— dimensional manifold and define M = 
X where is the 1— dimensionnal Torus with standard metric, and 
M is equipped with the product metric. The function fk{x,y) = sin(27r/cx) 
is an eigenfunction of Am with eigenvalue A := fc^. The critical set, Cf^, 
of fk is therefore a set of dimension n — 1. One should also note that 
n'^-^iCf^) > C\/A, where C depends only on M. 

It is also easy to find some surface of revolution with critical set of 
dimension (n — 1), see [I6| p 35. In the case of a critical set of dimension 
71 — 1 it seems interresting to obtained some upper bound on the (n — 
1)— dimensionnal Hausdorff measure. This is the goal of this paper. We 
will show that : 

Theorem 1.2. Let M be a n- dimensionnal, real analytic, compact, con- 
nected manifold with analytic metric. There exist C > depending only on 
M such that for any non-constant solution u to (jl.ip one has 

where Cu is the critical set of u. 



The main ingredient in the proof of our theorem is the following doubling 
inequality on gradient of eigenfunctions 

IIVuIIb,^ <e^^||Vn||B.. (1.2) 

This estimate is a consequence of a general Carleman-type inequality 
which we also use to study the vanishing order of solutions to the Schrodinger 
equation in a related paper ^ . 

The paper is organised as follows. In the section 2 we deduce from [2] 
a Carleman estimate for the operator A + A acting diagonally on vector 
valued functions. Using the compactness of M, this will allows us to derive 
in section 3 doubling estimates (|1.2p using standard method of quantitative 
uniqueness. In section 3 we use the method developped by H. Donnelly and 



2 



C. Fefferman to show our estimate on the measure of the critical set in the 
case that M is an analytic manifold. One should note that the framework of 
this paper follows closely [2j until section 3, with some obvious adaptations 
to the vectorial case. 



2 Carleman estimates 



First we give a Carleman estimate on the scalar operator A + with W 
of class C^, this can also be find in [2] and is write down here only for 
completness (and because of the electronic nature of this document). 
Fix xq in M, and let : r = r{x) = d{x, xq) the Riemannian distance from xq. 
We denote by Br{xQ) the geodesic ball centered at xq of radius r. We will 
denote by || • || the norm. Recall that Carleman estimates are weighted 
integral inequalities with a weight function e'^'^, where the function (f> satisfy 
some convexity properties. Let us now define the weight function we will 
use. 

For a fixed number e such that < e < 1 and Tq < 0, we define the function 
/ on ] — oo, To[ by /(t) = t — e^*. One can check easily that, for |To| great 
enough, the function / verifies the following properties: 

1 - ee^^o < f'{t) < 1 Vt G] - oo, ro[. 



lim 



e-'f"{t) = +00. 



(2.1) 



Finally we define 
this section: 



-/(Inr(x)). Now we can state the main result of 



Theorem 2.1. There exist positive constants Rq,C,Ci,C2, which depend 
only on M, s uch that , for any W £ C^{M), xqG M,u£ C^{Bn^{xo)\{0}) 
and T > Ci \/\\W\\ci + C2 , one has 



C 



(An + Wu) 



3 

> T2 



+ T2 



(2.2) 



Moreover, if 
then 



supp(n) C {x £ M; r{x) > 5 > 0}, 



Ciye'^f' {Au + Wu)\\ > T2 



r^e^u 



'u 



(2.3) 



Proof. Hereafter C, Ci, C2 and c denote positive constants depending only 
upon M, though their values may change from one line to another. Without 
loss of generality, we may suppose that all functions are real. We now intro- 
duce the polar geodesic coordinates {r,9) near xq. Using Einstein notation, 
the Laplace operator takes the form : 

"2/a.ln(V^) + ^^^ " ^ 



r'^Au 



r'^d^u + 



dru + -^dii^/jY^dju) 
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d 

where di = —— and for each fixed r, jij{r,9) is a metric on S"^^ and 
7 = det(7ij)- 

Since {M,g) is smooth, we have for r small enough : 

dr (t*"* ) < C* {Y^ ) (in the sense of tensors) ; 
\drij)\ < C; (2.4) 
< 7 < C. 

d d 

Set r = e*, we have — = e~* — . Then the function u is supported in 
or ot 

] — oo,To[x§"~^, where |To| will be chosen large enough. In this new vari- 
ables, we can write : 

e^'Au = dju + (n - 2 + dthi^)dtu + -^di{^-i'^ dju). 
The conditions (12.411 become 



dt{Y'^) < Ce*(7*-') (in the sense of tensors) ; 
\dt{l)\ < Ce'; (2.5) 
< 7 < C. 

Now we introduce the conjugate operator : 

L^{u) = e2*e^<^A(e-^'^n) + e^'M^n 

= dfu + (2r/' + n - 2 + SJu^) 5tn 

+ (rV' + r/" + (n - 2)r/' + r^ilnVl/') 

+ Agu + e^^Wu, 



(2.6) 



with 

Agu = —di {.frf^dju) . 
It will be useful for us to introduce the following norm on ] — cxd, To[xS"^^: 

\\v\\} = [ v^^r'dtdo, 

J]-oo,To[xS"-i 

where dO is the usual measure on §"~^. The corresponding inner product is 
denoted by (•, •)y , i.e 



{u,v)f = J uv^f'~ 



^dtde. 



We will estimate from below ||LT-n||j by using elementary algebra and inte- 
grations by parts. We are concerned, in the computation, by the power of 
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r and exponenial decay when t goes to — oo. First by triangular inequality 
one has 

||^r(u)||/ >/-//, (2.7) 

with 

' dfu + 2Tf'dtu + r'^fu + e^^Wu + Agu 

Tf"u+{n-2)Tfu + Tdtln^f'u\\^ " (2i 
(n - 2)dtu + dt In ^dtu\\j, . 

We will be able to absorb // later. Then we compute : 



I 
II 



f 



/2 = Jl + /2 + /3 



with 



/i = \\dfu + iT^f +e^'W)u + Aeu\\} 

h = pTf'dtuW) (2.9) 
h = 2(2Tf'dtu,d^u + T^f'\ + e'^*Wu + Agv^^ 

In order to compute I3 we write it in a convenient way: 

h = Ji + J2 + J3, (2.10) 

where the integrals Jj are defined by : 

Ji = 2Tjf'dti\dtu\^)f'~'^dtd9 

J2 = f f'dtudi{^YWju) f'-'dtd9 (2.11) 
J3 = f {2T^{f'f + 2Tfe^^W)2udtuf~^^dtd9. 

Now we will use integration by parts to estimate each terms of ()2.1ip . Note 
that / is radial and that 2dtudfu = 9((|9fUp). We find that : 

Ji = f{ATf")\dtu\''r'^dtde 

- j2Tf'dtln^\dtu\^r"^dtd9. 

The conditions (|2.5|) imply that |5tln^/7| < Ce*. Then properties (j2.ip on 
/ gives, for large |To| that |c?(ln^/7| is small compared to |/"|. Then one 
has 

Ji > -CT I \f"\ ■ \dtu\T'^dtd9. (2.12) 
Now in order to estimate J2 we first integrate by parts with respect to di : 



J2 = -2j2Tf'dtdiuf^djuf' ^^dtdO. 
Then we integrate by parts with respect to dt- We get : 



J2 = -4t f f'f^diudjuf \/jdtd9 

+ / 2Tf'dt\n^i'^d^udjuf-''^dtd9 
+ f2rfdt{-f'^)diudjuf-'^dtd9. 
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We denote l-De^P = diwy^^djU. Now using that — /" is non-negative and r 
is large, the conditions (j2.ip and (|2.5p gives for |To| large enough: 



J2 > 3r y in • \Deu\T'^dtde. 
Similarly computation of J3 gives : 



(2.13) 



J3 = -2/ T'^dM^)u'^^dtde 

- J{Af' - Af" + 2fdt In ^)Te^^Wu'^r^^dtde (2.14) 

- /2r/'e2*5tVF|n|2/'~'^Ad*d^- 



Now we assume that 



(2.15) 



From ()2.ip and (12. 5p one can see that if Ci, C2 and |To| are large enough, 
then 



^3 > -c^^y e*|u|V 'V^dtde. 
Thus far, using (|2J2]) . ([233]) and (I2J6D . we have : 

1 2 ./-3 



(2.16) 



h > 3Tj\f"\\Deu\'r'^dtde-cT^Je^u\^r^'^dtde 

- cTj\f"\\dtu\'r'^dtd9. ^ ■ ^ 



Now we consider I 



Let p > a small number to be chosen later. Since \ f"\ < 1 and r > 1, we 
have : 



h > 

T 



where I[ is defined by : 



and one has 
with 



(2.18) 

(2.19) 
(2.20) 



K2 



^71 [d^u + Agn) 
= 2(^{d?u + Aeu)\f"\,{T^f + e''w)u)^. 



(2.21) 
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Integrating by parts gives : 



Ks = 2J f"(T^f + e^'W)\dtu\TWldtde 

- 6/ (/"V" {r^f + e^'w)) dtuu^r'dtdO 

+ 2 / r (r^f + e'''w'\ dtln^dtuuf'-' ^dtdd 

+ 2/r (rV' + e2*H^) \Deu\^ ^dtdO 

+ 2 / /"e2*5iM/ • Y^djuuf'^dtde. 



(2.22) 



The condition r > Ci y^||VF||ci + C2 implies, 

\diW-f'^djUu\ < cT^{\Dgu\'^ + 
Now since 2dtuu < + |i9tnp, we can use conditions (j2.ip and (j2.5p to get 

> -cr2 y |/"| (la^^zp + \Deu\' + l^zp) f'' ^dtdO (2.23) 
We also have 

-f^2 > cr^y |/"||n|2/'~'V7rftd0 (2.24) 

and since Ki > , 

h > -pcTf\f"\{\dtu\^ + \Deu\^)r'^dtde 
+ Cr^pJ\f"\\n\'r'^dtde. 

Then using (121711 and ([TlBh 

I' > AT^\\rdtu\\} + 3Tj\f"\\Deu\-'r'^dtd9 

+ CT^pJ\f'\\n\^r'^dtde - CT^Je'\u\^r'^dtde 

- pcTj\f"\{\u\^ + \dtu\^ + \Dgu\^)r'^dtde. ^ 

- cTj\f"\\dtu\'r'^dtde 

Now one needs to check that every non-positive term in the right hand side 
of (|2.26p can be absorbed in the first three terms. 
First fix p small enough such that 

per I in • \Deu\^f'''^dtde <2t j \f"\ ■ \Deu\T' ^dtdO 

where c is the constant appearing in (|2.26p . The other terms in the last 
integral of ()2.26p can then be absorbed by comparing powers of r (for C2 
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large enough) . Finally since conditions (|2.ip imply that e* is small compared 
to |/"|, we can absorb — cr^e*|np in Ct"^ p\f"\\u\^ . 
Thus we obtain : 

P > CT^f\dtu\^r'^dtde + CTf\f"\\Deu\'r'^dtde 

+ Ct^ j\f"\\u\^r'^dtde ^ ■ ^ 

As before, we can check that // can be absorbed in / for |To| and r large 
enough. Then we obtain 



\LM\}>CT^y^\u\\} + CT^dtu\\} + CT\\y^\D0u\\}. (2.28) 



Note that, since r is large and \/\f"\ < 1, one has 



>Cr3||^^^x||2+cT||v17l5tn||2+CT||^^Z),n||2, (2.29) 

and the constant c can be choosen arbitrary smaller than C. If we set 
V = e~'^'^u, then we have 



+ir\\y^\e-'^dtv\\} + CT\\^\e-^Dev\\} 
Finally since /' is close to 1 one can absorb the negative term to obtain 



\\e^'e^'t'{Av + Wv)\\} > Cr^y^le^M} .^on. 
+CT\\y^\e-'l^dtv\\} + CT\\^\e-^Dev\\} ' ^ " ^ 

It remains to get back to the usual norm. First note that since /' is 
close to 1 (|2.1|) . we can get the same estimate without the term (/') in 
the integrals. Recall that in polar coordinates (r, 6) the volume element is 
r^~^ ^y^drdO , we can deduce from (j2.27p by substitution that : 

\\r^e^'t'{Av + Wv)r-^\\^ > Cr^Wr^ e'^'>'vr-^\\^ 

+ Cr||r^+5e^'^Vwr~?|p. ^ ' ^ 

Finally one can get rid of the term r~2 by replacing r with r + ^. Indeed 
from e'^'^r~2 = e^'^~^2^'^e~^'^'' one can check easily that, for r small enough 

2 - - ■ 

This achieves the proof of the first part of theorem 12. 1[ 

Now suppose that supp(u) C {x £ M;r{x) > 5 > 0} and define Ti = \n.5. 

Cauchy-Schwarz inequality apply to 

j dt{v?)e-^^dtde = 2 J udtue-^^dtdO 
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gives 



\2 -t 



On the other hand, integrating by parts gives 



u^e'^^dtde 



(2.32) 



J dt{u^)e-^ ^dtde = J u^e-^^dtde - J u^e-*dt{\n{^))^dtde. 

(2.33) 

Now since |5tln.^| < Ce* for ITqI large enough we can deduce : 

j dt{u^)e-* ^dtde >cj u^e-^^dtde. (2.34) 
Combining (f2:32|) and ([231) gives 

J u^e-^^dtde < 4 y {dtuf e~*^dtde 
< ^e-'^' j {dtuf y/^dtde. 
Finally, droping all terms except j \dtu\^ f ^ ^dtdO in (|2.27p gives : 



Inequality ()2.27p can then be replaced by : 



P > Cr^J\dtu\^r'^dtde + CTj\f"\-\Dgu\^r'^dtde 

+ Ct^ j \f"\ ■ \u\T''^dtde + CtH^ j \u\T'^^dtde. ^ ' 



The rest of the proof follows in a similar way than the first part. 



□ 



Now we will establish a Carleman estimate for the operator A + A acting 
on vector functions, which will be useful in the next section. For U G 
C^(i?Ro(xo) \ {xo},M™), applying ()2.2p to each components W of U and 
summing gives : 

Corollary 2.2. There exist non-negative constants Ro,C,Ci, which depend 
only on M and e, such that : 

\/xoeM,\fU e C^{BR,ixo) \ {xo},M'"), V r > Ci^A, 



C 



rV^"^ (AU + XU) 



> T2 



(2.36) 
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Moreover, 



then 



C 



r'^e-^^ {AU + XU) 
+ t6 



r-^e-^^U 



G M; 


r(x) 




3 


> 


r2 




1 


+ 


r2 



(2.37) 



3 Doubling inequality 



In this section we intend to prove a doubling property for gradient of eigen- 
functions. First we establish a three sphere theorem : 

Proposition 3.1 (Three spheres theorem). There exist non-negative con- 
stants Rq, c and < a < 1 wich depend only on M such that, if u is a 
solution to (jl.ip one has : 
yR; 0< R<2R< i?o,Vxo G M, 



(3.1) 



Proof. Let xq a point in M and (xi, X2, • • • , Xn) local coordinates around xq. 
Let n be a solution to (jl.ip and define V = (^, • • • , |^). Let i?o > as in 
theorem ([2^2]) and R such that < R < 2R < Rq. We still denote r{x) the 
riemannian distance beetween x and xq. We also denote by Bj. the geodesic 
ball centered at xq of radius r. If w is a function defined in a neigborhood of 
Xq, we denote by \\v\\ji the norm of v on and by llfllR^^Rj -^'^ norm 
of V on the set Ar^^r^ := {x £ M; Ri < r{x) < R2}. Let tp £ C^{B2r), 
< '0 ^ 1) 'I radial function with the following properties : 



ip{x) = if r{x) < -J or if r{x) > 



• Tp{x) = 1 if f < r{x) < 



3 ' 



3 

|VV(x)| < |VXx)| < §. 
We recall that (j){x) = — Inr(x) + r{xy . 

First apply dk to each side of (jl.ip to get 

Adku - [A, dk]u = 



2 ' 



dku 



where [A, d^] is a second order operator with no zero order term and with co- 
efficients depending only of M. The function V = {-g^, • • • , j^) is therefore 
a solution of the system : 



AV + XV - AV - B -W = 



(3.2) 
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where A and B depend only on the metric g oiM and its derivatives. Now we 
apply the Carleman estimate ()2.37p to the function ipV with f{t) = t — e^*. 
We get : 



C 





3 


> 






1 


+ 


r2 



Using that F is a solution of (|3.2p , we have : 



C 



> T2 



+ tR 



+ T2 



Now from triangular inequality we get 

C||r2e^<^(A?/;y + 2Vy • VV-)!! > ri Ae'^'^ipV - C \ye'"t'7pAV\\ 
+ TR\\r-'^e'''f''il)V\\+A r^+§e-^'^V(V'V^) - C llr^e'^'f'ijB ■ W\\ 



and 



i_ 

r2 



> T2 



> T2 



r2 



r2 



r2e'"fV 



Then for r great enough and for sufficient small Rq , 



C 



> T2 



+ tR 

In particular we have : 



1 

r2 



(3.3) 



C 



r^e^'^ {AipV + 2VV ■ Vip) 



> T 



Assume that r > 1, and use properties of ^ to get : 

\\e^'^V\\RZR < C (\\e^'^V\\R R + \\e^'^V\\-iR 5R 

3 ' 2 V 4 ' 3 2 ' 3 

+ C (R\\e''^VV\\R R+ RWe'^'^VVW 3R 5R 

\ 4 ' 3 2 ' 3 

Furthermore as (p is radial and decreasing, 



(3.4) 



_3fl < C ie^'l'^^^\V\\R R+e^^^^^\V\\-m 5R 

3 ' 2 V 4 ' 3 2 ' 3 

V 4 ' 3 2 ' 3 
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Now we recall the following elliptic estimates : since V satisfies ()3.2p then 
hard to see that : 



|Vy||(i_,), < C [jY^^ + ^) \\V\\b^, for < a < 1 



(3.5) 



As ||e'^'^Vy||_R R is bounded by ||e'^'^Vy||_R , using the formula (13. 5p gives : 

4 ' 3 3 

4 ' 3 \R J 2 

Simiraly, we have also, 



2R- 



2 ' 3 \R J 

Using properties of (p : 

||e"'^y||fl SR > \\e^^V\\R R > e^'''^^^\\V\\R „. 

" ""3 '"2" ~ " ""3"'-" ~ " " 3"'-" 

Using ()3.4p one has : 

ll^ll|,^<CVA(e-Wf)-<^(«))||y||«+e-W¥)-^(«))||y||2^) 

Let An = (p{^)—(p{R) and = Because of the properties 

of (j), we have < Ci < Ar < C2 and < Ci < Br < C2 where Ci and C2 

don't depend on R. We may assume that C\/A > 2. We can add \\V\\ r to 

3 

each member and bound it in the right hand side by C-v/Ae'^'^||y|| «. Then 

2 

replacing C by 2C gives : 

ll^^lli? < Cy/Xe^^\\V\\R + \\V\\R+Cxe-^^\\V\\2R (3.6) 

2 3 

\\V\\r < C^(^e^^\\V\\R+e-^^\\V\\2Ry (3.7) 
Now we want to find r such that 

C^e~^''\\V\\2R<^\\V\\R 



wich is true for r > — In (^ 2cVa ifv'iilfl / ' ™^st satisfy 

T > CiVX, 

we choose 



5 \2C^\\V\\2rJ 
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Inequality p.6p becomes 

II^IIr < C\/Ae^i^e^^''(^^^)||y|U, 

2 

\\V\\r < e^^'^^^^wvw^wvwf^. 

2 

Finally define a = and replace Cj by Ci to have 

2 



□ 



From now on we assume that M is compact. Thus we can derive from 
three sphere theorem above uniform doubling estimates on solutions. 

Theorem 3.2 (doubling estimates). There exist two non-negative constants 
Rq, Ci depending only on M such that : if u is a solution to (|l.ip on M 
then Vxo G M,Vr > 0, 

||Vn||B,„(..„) < e^^^||Vtxb^(,„). (3.9) 



Remark 3.3. Using standard elliptic theory to hound the L°° norm of \V\ 
by a multiple of its norm gives for 5 > : 

WVU^iBsixo)) > (ClA + C2)tr"/2||^,||2, 

Then one can see that the doubling estimate is still true with the norm 

W\\L°°{B2r{xo)) < e'^^ll^llL°°{B,.(xo)) (3-10) 

To proove the theorem 13.21 we need the following 
Proposition 3.4. Vi? > 0, 3Cr> 0, Vxq G M : 

||Vnb^(,„) > e-^^'^\\Vu\\L2(^M)- 

Proof. Let R > and assume without loss of generality that R < Rq whith 
-Ro such that three spheres theorem (theorem 13. ip is valid. Up to multipli- 
cation by a constant, we can assume that ||Vti||j;^2(^,j) = 1. We denote by x 
a point in M such that ||Vn||g^(^) = sup^-g^j ll^^llB_R(a;)- This implies that 
one has ||Vti||B^|._j > Dr, where Dr depend only on M and R. One has 
from proposition (|3.ip at an arbitrary point x of M : 

||Vnb^^^(.) > e-^||Vn|||^(^.) (3.11) 
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Let 7 be a geodesic curve beetween x and x and define xq — x, xi, ■ ■ ■ , Xj-, 

X such that G 7 and i?_R(xj+i) C Buixi), \/i = 1, ■ ■ ■ ,m. The constant 

2 

771 depends only on diani(ikf) and R. Then the properties of (2;j)i<j<m and 
inequality (|3.1ip give for all i, 1 < i < m : 



1 



Vn||o ^ >e-'='V^||V^||g^ (3.12) 



The result follows by induction and the fact that ||Vn||5^(j;) > 



□ 



Corollary 3.5. For all R > 0, there exists a positive constant C/j depending 
only on M and R such that at any point xq in M one has 

\\Vu\\r r > e~^^'^\\Vu\\T2(M\ 

4 ' 8 ^ ' 

Proof. Let R < Rq where i?o is such that the three spheres theorem is valid, 
note that Rq < diam(M). Recall that we defined locally near a point xq : 
^ri,r2 •= £ 1^1 < d{x, Xq) < r2)}. As M is geodesically complete, there 
exists a point xi in Ar r such that B^, C Ar r. From proposition 13.41 

8 ' 4 J- ID g , ^ 

one has ||Vti||^^ (a,^) > e~^^-^\\\7u\\i2(^]^j^ wich gives the result. □ 

Proof of theorem \3.B . We proceed like in the proof of three spheres theorem 
except for the fact that now we want the first ball to become arbitrary small 
in front of the others. Let R = ^ where Rq is such that the three spheres 
theorems is valid, let 6 such that 0<6<26<36<^<^<R, and define 
a smooth radial function ip, with < ^/^ < 1 as follows: 

• ^(x) = if r{x) < (5 or if r{x) > R, 

• i;{x) = 1 if f < r{x) < |, 

• iVV'lx)! < f ifr(a;) G [5, f ] and \V^{x)\ < C if r(x) G 

• \V^tl^{x)\ < § ifr(x) G [5,f] and \V^iJj{x)\ < C ii r{x) G 
Keeping appropriates terms in (j3.3p gives : 

\\r^e'"''7pV\\+T5\\r-'^e'^'^TpV\\ < C {\\r^e'^'^VV ■ VipW + \\r^e'"''ATpV\\) 

< T\\r^e^^^V\\.5s+C\\e^^VV\\Rrj 

Using properties of we have, 
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8"'4 

+ TS\\r-^e^'''V\\ss^r^g + T5\\r-^e'"f'V\\RE 
< §\\r^e^'t>VV\\^^5s+C\\e^'t>VV\\R^j^ 
+ §\\r'e-'fV\\,^ss+C\\e^'fV\\R^^. 
Now drop the first and last terms of the left hand side gives : 

Wr^e^WWRR + We^^VWss^^^ < C (j||e"'^VF||^^^ + ||e"'^Vy|| |^^) 

+ c[\\e^'^Vl^^^ + \\e^'^V\\R^^) 

Now using ()3.5p and properties of cj), 
||e"^y|U fl + ||e"<^y||5i,A < CVx(e^^^^^\\V\\2S3s+e^'^^f^\V\\R5R] 

8'4 4''^ V 3'2 5'3/ 

e"<^( f ) 1 1 y 1 1 ^ « + e-<^(35) 1 1 y 1 1 ^ < C\/A f e"<^(^) 1 1 y 1 1 m + e"'^^ f ) 1 1 y 1 1 5« ) 

8 ' 4 4 \ 2 3 / 

Adding e^'^^^.S) ||y|| ^.^ ^^^i^ gj^jg 

4 

8 ' 4 V 2 3 / 

Now we want to choose r such that 

C7^/Ae"<^(f )||y||5fl < le^^^T)\\V\\R r 

3 2 8 ' 4 

For the same reasons than before we choose 

1 / 1 \W\\e ^ \ 
T = — ^ ^In ^ „ „^'" + Ci 

Define A = {4>{^) — ^; hke before one can assume that A is non- 

positive and independent of R. So, 

8 ' 4 2 
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One can then ignore the first term of the right hand side to get : 

/ ll^llfl r\ 

Aln .^'^ ll ul:J +giv^ 



2 

A 



Finally from corollary 13.51 define r = ^ to have : 

\\V\\2r < e^'^WVWr 

Thus, the theorem is proved for all r < j^. Using proposition 13.41 we have 
for r > ^ : 

□ 



4 Critical set on analytic manifold 

From here we will follow the method of Donnelly and FefFerman [6j to es- 
tablish upper bound for the (n — l)-dimensionnal measure of critical set 
of eigenfunctions. So we also suppose that M is analytic. Recall that 
Mu = {x £ M : u{x) = 0} and Cu = {x £ M : Vu(x) = 0}. Define Bc{r) 
the complex ball : 

Bc{r) = {z G C" : \z\ < r} 

and B{r) the standard ball in M" centred at of radius r. The main point to 
deduce from our doubling inequality an estimate on the HausdorfF measure 
of the critical set is the following result of Donnelly and Fefferman : 

Theorem 4.1 ([6J p. 180). Let F be an holomorphic function on Bc{l) and 
suppose there exists a > 1 such that 

max IFI <e"max|i^|, 

then 

JT-^ (^AA^nsQ^^ <Ca. 

where Np is the zero set of F in M" and C a constant depending only on 
the dimension. 
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Let u be a solution to (jl.ip . Fix xq in M and consider (xi, • • • , x„) a chart 
around xq. We assume that the chart contains the eucUdean ball B2- We 
define 

F{x) = j2 
1=1 

The nodal set of F is the critical set of u. One has 



du ^ 



dxi 



Proposition 4.2. The function F can be extended to an analytic function 
on -Bc(l) and : 

II^IIl°°(Bc(i)) ^ 

where C is a constant depending only on M . 



Lemma 4.3. Let u he an eigenfunction of the laplace operator on B{1), for 
all multi-index (3, with \fi\ > 1 one has : 

\D^um < /5!CI^IVa'^'||V^II^.(^(0,)) (4.1) 

where Ci is a constant small enough. 

proof of lemma Like in [fij, this result can be obtained by rescaling the 
equation and using the hypoellipticity proof ([3, p. 178) for an elliptic oper- 
ator whose coefficients have uniform bounded derivatives. 
Indeed note first that we may assume ||Vii||2,cx)(^f) = 1. Now writing in our 
local chart A = 'Yl,i<\a\<2 o-aD" and consider the function ux{x) = u(-^x), 
where Ci will be fix below. One can see that ux is a solution to the elliptic 
equation 

^A^^A = ^^A 

with Pa = Ei<|a|<2^"^" and 

Kix) = —^a. [-^) . 

A short computation of D^ba, gives for Ci small enough and any multi- index 

sup \DHa{x)\ < C2I/3I!, VI < |a| < 2 

Bi 

where C2 is a constant depending only on M. Then one can use the hypoel- 
lipticity proof ([9]) with simple modifications to get for any multi-index P 
with |/3| > 1: 

|^V(0)| < ^'''1/3!. 

□ 
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Proof of proposition Expanding V = • • • , ^) in its Taylor series 

gives 

|a|>0 

where for a = (ai, • • • , On) in N" and z = {zi, • • • , Zn) in C" we have set 
:= z'^^z^^ ■ ■ ■ z"" and a! = ai!a2! • • • On- Now using ()4.ip and summing 
a geometric series gives for a constant /9 small enough 

sup \V{z)\<C sup \V{x)\. (4.2) 

Bc(0,^) 5(0,^) 

Then by translating, in the complex ball i3c(l)i the equation and iterating 
the estimate (|4.2|) a multiple of ^/X times one has 



VzGSc(l), \V{z)\ <C^snp\V{x)\ 

B{2) 



This implies 



sup \F{z)\ < sup \F{x)\ (4.3) 
Sc(i) B{2) 

which gives proposition 14.21 by using doubling inequality (|3.9|) . □ 

proo/ of theorem \1.2[ Let n be a solution to (jl.ip . let ro > a fixed number 
not larger than the injectivity radius of M and p a arbitrary point in M. 
Let consider a normal chart around p. By proposition 14.21 one has that 



E 



a 2 
OU 



dxi 



satisfy the hypothesis of theorem l4.1l Then since the nodal 



1=1. .n 

set of F is the critical set of u one has 

?^"-i(C„ni3(p,ro)) < C^/A (4.4) 
where C depends only on ro and M. 

The Theorem 11.21 follows by a covering argument since M is compact. □ 

Remark 4.4. Since doubling estimates imply vanishing order estimates it 
follows from lemma 3 of that the local estimate (|4.4p is still true on 
smooth manifold, hut without any control on the radius tq. 
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